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Abstract In this article we characterize the subcategory Ω ∞(modA) for algebras of Ω n-
finite representation type. As a consequence, we charaterize when a truncated path algebra
is a Co-Gorenstein algebra in terms of its associated quiver. We also study the behaviour of
Artin algebras of Ω ∞-infinite representation type. Finally, it is presented an example of a non
Gorenstein algebra of Ω ∞-infinite representation type and an example of a finite dimensional
algebra with infinite φ -dimension.
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1 Introduction
The Finitistic Dimension Conjecture (FDC), the Generalized Nakayama Conjecture (GNC)
and the Nakayama Conjecture (NC) are examples of important conjectures in Representation
Theory of Artin algebras and they still remain open. These conjectures are related in the
folowing way:
If A is an Artin algebra,
– A verifies FDC then A verifies GNC,
– A verifies GNC then A verifies NC.
An algebra A is Co-Gorenstein if the subcategories Ω ∞(modA) and G P(A) agree. In
[11] the authors prove that there is a relation between NC and GNC and Co-Gorenstein
algebras. This justifies the relevance of studying this family of algebras.
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In this article we characterize the subcategory Ω ∞(modA) when A is of Ω n-finite rep-
resentation type (Theorem 37). In particular, truncated path algebras are of Ω 1-finite repre-
sentation type (Theorem 5.11 of [3]). We use both theorems and determine, in terms of the
geometry of the quiver, when a truncated path algebra is a Co-Gorenstein algebra.
In an attempt to prove FDC, K. Igusa and G. Todorov define, in [10], two functions
from the objects of modA to the natural numbers, which generalizes the notion of projective
dimension. Nowadays, they are known as the Igusa-Todorov functions, φ and ψ . In that
article the authors prove, with the Igusa-Todorov functions, that if an Artin algebra A has
repdim(A)≤ 3 then A verifies the FDC.
More recently, it was conjetured in [7] that the associated dimensions to these functions
are finite (φDC). This conjecture is also related with the FDC as follows: For A an Artin
algebra, if A verifies φDC then A verifies FDC. In [13], the authors prove that every Artin
algebra of Ω n-finite representation type and every Gorenstein algebra verifies φDC. There-
fore, to find an example of an algebra that does not verify the φDC, it should be looked in
the family of non Gorenstein algebras of Ω ∞-infinite representation type.
In this article we show that there are algebras of Ω ∞-infinite representation type that are
not Gorenestein algebras (Examples 53 and 54). Finally we exhibit an example (Example
54) where φDC and FDC are not equivalent.
2 Preliminaries
From now on A will always be an Artin algebra. We denote by modA the category of finitely
generated right A-modules. The full subcategory of modA whose objects are direct sum-
mands of finite sums of copies ofM is denoted by add(M). For a module M ∈modA, pd(M)
and Ω (M) are the projective dimension and the syzygy ofM, respectively. For an algebra A,
gldim(A) and findim(A) are the global and finitistic dimension of A, respectively.
We denote by P(A) the full subcategory formed by projective modules and by GP(A)
the full subcategory formed by Gorenstein projective modules. Observe thatP(A)⊂GP(A).
Recall that an algebra A is self-injective if and only if G P(A) =modA, that is, all modules
are Gorenstein projective. On the other hand, A is called CM-free provided that GP(A) =
P(A), that is, all its finitely generated Gorenstein projective modules are projective. Re-
call that for an Artin algebra A, the set ind GP(A) of isoclasses of indecomposable objects
in the stable category GP(A) is identified with the set of isoclasses of indecomposable
non-projective Gorenstein-projective A-modules.
We denote by P<∞(A) the full subcategory of modA formed by the modules of finite
projective dimension and by P∞(A) the full subcategory of modA formed by the modules
of infinite projective dimension with no summand with finite projective dimension.
We denote by add(Ω n(modA)) the full subcategory of modA formed by the direct sums
of direct summands of modules in Ω n(modA). For n ∈ N, we say that Ω n(modA) is of
finite representation type if there are only finitely many indecomposable modulesM, up to
isomorphism, such that M ∈ add(N) with N = Ω n(N ′). In this case A is called of Ω n-finite
representation type. If A is not of Ω n-finite representation type for any n ∈ N, we say that
A is Ω ∞-infinite representation type.
On algebras of Ω n-finite and Ω ∞-infinite representation type 3
2.1 Quivers and path algebras
If Q = (Q0,Q1,s, t) is a finite connected quiver, kQ denotes its associated path algebra.
Given ρ a path in kQ, we denote by l(ρ), s(ρ) and t(ρ) the length, start and target of ρ ,
respectively. Cn denotes the oriented cycle graph with n vertices. We denote by J the ideal
generated by all the arrows from Q1. Given a quiver Q with cycles, we denote by Q
∞ the
full subquiver of Q formed by the vertices w with infinite paths starting at w. Let S be a set
of paths in Q. A path p in S is left-minimal in S provided that there is no path q such that
q ∈ S and p = qp′ for some nontrivial path p′. Dually, one defines a right-minimal path in
S. A full subquiver Q′ of a quiver Q is called a final subheart (see[14]) if it is minimal in
the family of full subquivers of Q which are closed by sucessors. We say a final subheart is
trivial if Q′ is a simple vertex.
Remark 21 If Q has a cycle and has not surces, then Q has a non trivial final subheart.
Let A= kQ
I
be an algebra, if v ∈Q0 we denote by Sv and Iv the simple A-module and the
injective A-module associated to v, respectively. For M ∈mod kQ
I
, we denote by dim(M) its
dimension vector. A finite dimensional algebra A= kQ
I
is called amonomial algebra if I is
generated by paths.
Let A= kQ
I
be a monomial algebra. For a nonzero nontrivial path p, we define L(p) to be
the set of right-minimal paths in the set {nonzero paths q such that s(q) = t(p) and qp= 0}
and R(p) the set of left-minimal paths in the set {nonzero paths q such that t(q) = s(p)
and pq = 0}. We call a pair (p,q) of nonzero paths in A a perfect pair provided that the
following conditions are satisfied:
– both of the nonzero paths p, q are nontrivial satisfying s(p) = t(q) and pq = 0 in A;
– if pq′ = 0 for a nonzero path q′ with t(q′) = s(p), then q′ = qq′′ for some path q′′; in
other words, R(p) = {q};
– if p′q = 0 for a nonzero path p′ with s(p′) = t(q), then p′ = p′′p form some path p′′; in
other words, L(q) = {p}.
Let A = kQ
I
be a monomial algebra. We call a nonzero path p in A a perfect path,
provided that there exists a sequence:
p= p1, p2, . . . , pn, pn+1 = p
of nonzero paths such that (pi, pi+1) are perfect pairs for all 1≤ i≤ n. If the given nonzero
paths pi are pairwise distinct, we refer to the sequence p = p1, p2, . . . , pn, pn+1 = p as a
relation-cycle for p.
The next theorem (See Theorem 4.11 of [4]) shows how to compute every non projective
Gorenstein projective module.
Theorem 22 [4, Theorem 4.11] Let A be a monomial algebra. Then there is a bijection 1 : 1
{perfect paths in A}→ ind GP(A)
sending a perfect path p to the A-module Ap.
The following theorem (see [15]) shows that monomial algebras are of Ω 2-finite repre-
sentation type algebras.
Theorem 23 [15, Theorem 3.I] Let A be a finite dimensional monomial algebra. If M is an
A-module such that M ∼= Ω t(N) for an A-module N and t ≥ 2, then it is a direct sum of right
ideals of A which are generated by paths with length greater or equal than 1. In particular,
monomial algebras are of Ω 2-finite representation type.
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2.2 Truncated path algebras
A monomial algebra A = kQ
I
is called a truncated path algebra if there is a k ∈ N,k ≥ 2
such that I = Jk. If k = 2 we say that A is a radical square zero algebra. Following [2], we
use the below notation.
Notation 24 For a truncated path algebra A, we denote by Mlv(A) the ideal ρA, where
l(ρ) = l, t(ρ) = v and Ml(A) =⊕v∈Q0M
l
v(A).
Given 0 < l ≤ k−1, it is easy to see that Mlv(A) exists if and only if id kQ
J2
Sv ≥ l. Also,
Mlv(A) is a projective A-module if and only if pd kQ
J2
Sv ≤ k− l−1.
Remark 25 If A= kQ
Jk
is a truncated path algebra, then
Ω (Mlv(A)) =
⊕
ρ :
{
s(ρ)=v
l(ρ)=k−l
Mk−lt(ρ)(A),
Proposition 2.6 gives a method to compute the global dimension for truncated path al-
gebras as a function of the length of the longest path of their quivers. See Theorem 5 of [6]
for a proof.
Proposition 26 [6, Theorem 5]
Let A∼= kQ
Jk
be a truncated path algebra. Then the following statements hold.
1. gldim(A)< ∞ if and only if Q has no oriented cycles.
2. If A has finite global dimension, then
gldim(A) =
{
2 l
k
if l ≡ 0 (mod k),
2
⌊
l
k
⌋
+1 otherwise,
where l is the length of the largest path of kQ.
Definition 27 Let A be an Artin algebra. We define ‖ · ‖ : modA→ N a function such that
‖M‖= k if M ∼= (⊕ki=1Mi)⊕ (⊕
m
j=1N j) is the descomposition into indecomposable modules
where pd(Mi) = ∞ ∀i ∈ {1, . . . ,k} and pd(N j) < ∞ ∀ j ∈ {1, . . . ,m}.
Remark 28 If M and N are A-modules with infinite proyective dimension, we have that:
– ‖M⊕N‖= ‖M‖+‖N‖.
– ‖Mk‖= k‖M‖ for k ∈ N.
– ‖M‖ ≤ ‖Ω (M)‖.
– If Ωm(M)∼=M then ‖Ω (M)‖= ‖M‖.
2.3 Igusa-Todorov functions
We recall the definition of the Igusa-Todorov φ function and some basic properties. We also
define the φ -dimension of an algebra.
Definition 29 Let K0(A) be the abelian group generated by all symbols [M], where M ∈
modA, modulo the relations
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1. [M]− [M′]− [M′′] if M ∼=M′⊕M′′,
2. [P] for each projective.
Let Ω¯ :K0(A)→K0(A) be the group endomorphism induced by Ω , and letKi(A)= Ω¯ (Ki−1(A))=
. . .= Ω¯ i(K0(A)). If C is subcategory of modA closed by direct sums and direct summands
such that Ω (C ) ⊂ C , then we define by K0(C ) = {[M] : M ∈ C }. Now, if M is a finitely
generated A-module then 〈addM〉 denotes the subgroup of K0(A) generated by the classes
of indecomposable summands of M.
Definition 210 [10] The (right) Igusa-Todorov function φ of M ∈modA is defined as
φA(M) =min
{
l : Ω¯A|Ω¯ l+sA 〈addM〉
is a monomorphism for all s ∈ N
}
.
In case that there is no possible misinterpretation we denote by φ the Igusa-Todorov
function φA.
Proposition 211 ([10], [9]) Given M,N ∈ modA.
1. φ(M) = pd(M) if pd(M)< ∞.
2. φ(M) = 0 if M ∈ indA and pd(M) = ∞.
3. φ(M)≤ φ(M⊕N).
4. φ
(
Mk
)
= φ(M) for k ∈ N.
5. If M ∈modA, then φ(M)≤ φ(Ω (M))+1.
Proof For the statements 1-4 see [10], and for 5 see [9].
Definition 212 Let A an Artin algebra, and C a subcategory of modA. The φ -dimension of
C is defined as
φdim(C ) = sup{φ(M) :M ∈ C }.
In particular, we denote by φdim(A) the φ -dimension of modA
The following theorem (see [7]) shows that the finitude of the φ -dimension is invariant
by derived equivalences.
Theorem 213 [7, Theorem 4.10] Let A and B be Artin algebras, which are derived equiva-
lent. Then, φdim(A)< ∞ if and only if φdim(B)< ∞.
3 Periodic modules over algebras of Ω n-finite representation type
In this section we prove that the subcategory of Ω -periodic A-modules and the subcategory
Ω ∞(modA) agree for an algebra A of Ω n-finite representation type.
Definition 31 For an algebra A we denote by Ω ∞(modA) the full subcategory generated by
the class of modules {M ∈ modA : 0→ M → P0 → P1 → . . . with Pi ∈ P(A) ∀i ∈ N}. We
say that Ω ∞(modA) is trivial if P(A) = Ω ∞(modA).
Definition 32 When an A-module M verifies Ωm(M) ∼= M for m ∈ Z+, we say that M is
Ω -periodic.
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Remark 33 For an algebra A we have the inclusions:
P(A)⊂ G P(A)⊂ Ω ∞(modA).
If, in addition, the algebra A has finite global dimension, then:
P(A) = GP(A)
Remark 34 If the algebra A has Ω ∞(modA) trivial, then A is CM-free.
Remark 35 If the algebra A has findim(A)<∞, every non projective module M in Ω ∞(modA)
verifies pd(M) = ∞.
Lemma 36 If A is of Ω n-finite representation type for n∈Z+, then the following assertions
are equivalent:
– There is a nonprojective module M in Ω ∞(modA).
– There is an A-module N 6= {0} and n ∈ Z+ such that Ω n(N)∼= N.
Proof Suppose there exist M ∈modA and n ∈ Z+ such that Ω n(M)∼=M. Then there exist a
exact sequence:
ζ : 0→M→ Pn → . . .→ P1 → P0 →M→ 0.
We can join infinite exact sequences ζ , thus we conclude that M ∈ Ω ∞(modA).
Suppose that A is ΩL-finite representation type and that M = M1⊕M2 ∈ Ω
∞(modA)
with M1 ∈ P
∞(A) no null and M2 ∈ P
<∞(A). Consider the set WM = {N ∈ P
∞(A)∩
add(ΩL(modA)) such that ‖N‖ ≤ ‖M‖}. Clearly WM is a finite non empty set (M1 ∈WM),
thus there exist N0 ∈WM , f (k) = nk : Z
+ → Z+ an increasing function, and Nnk ∈P
<∞(A)
such that Ω nk(N0⊕Nnk)
∼= M for all k ∈ N. We deduce that there are i, j ∈ Z+ such that
n j−ni >m= findim(A) and Ω
n j−ni(N0)∼=N0⊕N
′ with N ′ ∈P<∞(A). Finally we conclude
that N0⊕N
′ is a Ω -periodic module.
In the proof of the proposition above we observe that M ∼= Ω k(N) for N a periodic
module and k > findim(A). So we deduce the next result.
Theorem 37 Let A be an syzygy finite Artin algebra modules. If M is a non projective mod-
ule, then M ∈ Ω ∞(modA) if and only if there exist m ∈ Z+ such that Ωm(M)∼=M.
By Theorem 23, for a monomial algebra is valid:
Corollary 38 If A is a monomial algebra, the following statements are equivalent:
– There is a nonprojective module M in Ω ∞(modA).
– There are an A-module N 6= {0} and n ∈ Z+ such that Ω n(N)∼= N.
We deduce the following corollary from the proof of Lemma 36.
Corollary 39 Let A be an Artin algebra, if M is Ω -periodic A-module then M ∈Ω ∞(modA).
The following example shows that Theorem 37 is not valid if the algebra is not syzygy
finite.
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Example 310 Let k be an infinite field with characteristic different to 2. Consider the alge-
bra A= kQ
I
, where Q is the quiver below:
Q= 1
α1
@@
α2
HH2
β1
~~
β2

and I = 〈β1α1−2β2α2, α1β1−α2β2, αiβ jαk, βiα jβk with i, j,k ∈ {1,2}〉.
The following assertions are clear.
– Ma = k
a1k
??
1k
HHk
0}}
0

is indecomposable modules for a 6= 0.
– Na = k
0
??
0
HHk
1k
}}
a1k

is indecomposable modules for a 6= 0.
– Ma ≇Mb and Na ≇ Nb if a 6= b.
– Ω (Ma) = N− a2 and Ω (Na) =M−a for a 6= 0.
Then, we can deduce that the modules Ma ∈ Ω
∞(modA) but are not A-periodic.
4 Co-Gorenstein algebras
The notion of a Co-Gorenstein algebra was introduced by Beligiannis in [1]. It is somewhat
dual to the definition of Gorenstein algebra, whence the name (see Remark 5 of [11]). Now
we characterize when a truncated path algebra is Co-Gorenstein.
Definition 41 An algebra A is right Co-Gorenstein if and only if one of the following equiv-
alent conditions hold:
– Ω ∞(modA)⊂⊥P(A)
– Ω ∞(modA) = GP(A)
The below remark follows from Corollary 3.4 in [17].
Remark 42 Gorenstein algebras are Co-Gorenstein
Using Remark 25, we obtain a result that allows us compute the modules in Ω ∞(modA)
for a truncated algebra A.
Proposition 43 Let A= kQ
Jk
be a finite dimensional algebra with infinite global dimension,
then are equivalent
1. There exist an A-module M ∼=M1⊕M2 ∈ Ω
∞(modA) where
M1 ∼=
⊕
IM
l
v(A) ∈P
∞(A) and M2 ∈P
<∞(A).
2. There exist an kQ
∞
Jk
-module N ∼= N1⊕P ∈ Ω
∞(mod kQ
∞
Jk
) where
N1 ∼=
⊕
IM
l
v(
kQ∞
Jk
) ∈P∞( kQ
∞
Jk
) and P ∈P( kQ
∞
Jk
).
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The following result characterize when a truncated path algebra is a Co-Gorenstein al-
gebra.
Theorem 44 If A= kQ
Jk
is a truncated path algebra, then are equivalent:
1. A es Co-Gorenstein
2. Q is one of the following types:
i Q is acyclic.
ii Q=Cn.
iii Q∞ has no final subheart equal to Ci for i ∈ Z+.
Proof Any finite quiver Q belongs to a only one of the following families:
i Q acyclic
ii Q=Cn
iii Q has cycles, Q 6=Cn and every final subheart of Q∞ is not equal to Ci for i ∈ Z+.
iv Q has cycles, Q 6=Cn and there exist a final subheart of Q∞ equal to Ci for i ∈ Z+.
claim: if Q is in the first three families, then A is Co-Gorenstein.
i If Q is acyclic, then gldimA< ∞. Thus A is a Gorenstein algebra.
ii If Q=Cn, then A is a selfinjective algebra. Thus A is 0-Gorenstein.
iii Suppose that Q has cycles, then Q∞ has cycles and its final subhearts are not trivial.
Suppose that every final subheart of Q∞ is not equal to Ci for any i ∈ Z+, then for every
module Mlv(
kQ∞
Jk
) there exist mlv ∈ Z
+ such that ‖Mlv(A)‖ < ‖Ω
mlv(Mlv(A))‖. Using the
last fact and that every module in Ω ∞( kQ
∞
Jk
) must be a direct sum of modules Mlv(
kQ∞
Jk
)
and a projective module we obtain the equality Ω ∞( kQ
∞
Jk
) = P( kQ
∞
Jk
). By Corollary 38
we have that there are not kQ
∞
Jk
-periodic modules. By Proposition 43 we have that there
are no A-periodic modules. Finally, again by Corollary 38, we have that Ω ∞(modA) =
P(A).
Finally consider Q a quiver such that Q∞ has a final subheart equal to Ch for h ∈ Z+.
Then there are two possible cases.
– Every final subheart of Q∞ of type Ch can be extended to a subquiver Q¯ of Q as below
1 // . . . // l
##❋
❋❋
❋❋
❋❋
❋❋
h
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
l+1

Q¯=
.
.
.
OO
.
.
.

t+1
OO
s
{{①①
①①
①①
①①
①
t
aa❇❇❇❇❇❇❇❇❇
. . .oo s+1oo // 0
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– There is a final subheart Q∞ of type Ch that can not be extended as the previous case but
can be extended to a subquiver Q¯ of Q as below
0 // 1 // . . . // l
##❋
❋❋
❋❋
❋❋
❋❋
h
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
l+1

Q˜=
.
.
.
OO
.
.
.

t+1
OO
s
{{①①
①①
①①
①①
①
t
aa❇❇❇❇❇❇❇❇❇
. . .oo s+1oo
In the second case, it is clear that there is a path ρ : i→ j with i, j ∈ {1, . . . ,h} such that
the right ideal ρA is A-periodic but ρ is not a perfect path in Q because there are two paths
γ1 and γ2 such that ργ1 ∈ J
k and ργ2 ∈ J
k. Therefore ρA is a A-periodic non Co-Gorenstein
module, and we deduce that A is not Co-Gorenstein.
In the first case, it is clear that there is a path ρ : i→ j with i, j ∈ {1, . . . ,h} such that
the right ideal ρ kQ
∞
Jk
is kQ
∞
Jk
-periodic but ρ is not a perfect path in Q because there are two
paths λ1 and λ2 such that λ1ρ ∈ J
k and λ2ρ ∈ J
k. By Proposition 43, there is a A-module
M ∈ P<∞(A) such that ρA⊕M is A-periodic and it is not Gorenstein projective, thus we
deduce that A is not Co-Gorenstein.
Remark 45 Let A be an Artin algebra that verifies:
– A is a truncated path algebra,
– A is a Co-Gorenstein algebra, and
– A is not a Gorenstein algebra,
then A is CM-free.
In [5] the authors prove that radical square zero algebras are either self-injective or
CM-free. The example below shows that the behaviour of monomial algebras is more com-
plicated. It shows that there are Co-Gorenstein monomial algebras that are not Gorenstein
nor CM-free.
Example 46 Consider the algebra A= kQ
I
, where
Q= 1
α
((
2
β
hh γdd and I = 〈αβ ,γ
2〉
Observe that pd(I1⊕I2) =∞, hence A is not a Gorensten algebra. On the other hand, the
module Aγ verifies Ω (Aγ)∼= Aγ , and it is the only indecomposable periodic non projective
module. In fact Aγ is the only indecomposable non projective Gorenstein projective module
by Theorem 22. We conclude that A is a Co-Gorenstein algebra and it is not CM-free .
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5 Ω ∞-infinite representation type and infinite φ -dimension
5.1 Igusa-Todorov function
The following lemma is a generalization of Proposition 3.9 of [14]. (For a proof see the cited
proposition)
Lemma 51 Let A be an Artin algebra. If C is a full subcategory of modA closed by direct
sums and direct summands and Ω (C )⊂ C , then
φdim(C ) =min{l : Ω |Ω l (K0(C )) is injective}.
Theorem 52 Let Q be a quiver andC= kQ
I
. Suppose there exist two disjoint full subquivers
of Q, Γ and Γ¯ such that
– Q0 = Γ0∪ Γ¯0
– There is at least one arrow from Γ0 to Γ¯0, and there are no arrows of Q from Γ¯0 to Γ0.
– If α ∈ Q1 with s(α) ∈ Γ0 and t(α) ∈ Γ¯0 then αβ = 0 for every arrow β .
Then φdim(C)≤ φdim(A)+φdim(B)+1 where A= kΓ
I∩kΓ and B=
kΓ¯
I∩kΓ¯
.
Proof We denote by ∂A= {v ∈ Γ0 : ∃ α ∈Q1 with s(α) = v and t(α)∈ Γ¯0} and by P∂A the
full subcategory of modA generated by the projective A-modules Pv with v ∈ ∂A. First note
that if M ∈modC and
0→ K→ P→M→ 0
is an exact sequence inmodC with P a projective C-module, then K ∼=M1⊕M2⊕M3⊕Q
where M1 ∈ ΩA(modA), M2 ∈P∂A, M3 ∈modB and Q is a projective C-module.
Claim φ(K)≤ φdim(A)+φdim(B)
It is clear that
– ΩC(M1) = ΩA(M1)⊕N1⊕N2 with N1 ∈P∂A and N2 ∈modB,
– ΩC(M2) ∈modB and
– ΩC(M3) = ΩB(M3).
If D = ΩA(modA)⊕P∂A⊕modB, then K0(D) = K1(A)×K0(P∂A)×K0(B) and Ω¯C re-
stricted to K0(D) is

 Ω¯A 0 0T1 0 0
T2 T3 Ω¯B


Suppose that φdim(C)≥ k, then, by Lemma 51, there exist k′ ≥ k and x= (x1,x2,x3) ∈
K0(D) such that Ω¯
k′
C (x)= 0 and Ω¯
k′−1
C (x) 6= 0. Since Ω¯
i
A(x1)=ΠK1(A)(Ω¯
i
C(x)) then Ω¯
k′
A (x1)=
0. We deduce that Ω¯ lA(x1) = 0 ∀l ≥ φdimA−1 because x1 ∈ K1(A), then Ω¯
φdimA−1
C (x) ∈
{0}×K0(P∂A)×K0(B). Hence k
′ ≤ φdim(A)+ φdim(B). Finally, by Proposition 211 fol-
lows the thesis.
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5.2 Examples
In [12] is showed that some Gorenstein algebras are of Ω ∞-infinite representation type (see
example 4.1), hence this algebra has finite φ -dimension (see Theorem 4.7 of [13]). Now
we give an example of a non Gorenstein algebra of Ω ∞-infinite representation type, but its
φ -dimension is finite.
Example 53 Let k be an infinite field with characteristic different to 2. Consider the algebra
A= kQ
I
, where Q is the quiver below:
Q= 1
α1
@@
α2
HH2
β1
~~
β2

3
γ
oo δdd
and I = 〈β1α1−2β2α2, α1β1−α2β2, δ
2
, γδ , β1γ −β2γ , α1β1γ , α2β1γ , α1β2γ ,
αiβ jαk, βiα jβk with i, j,k ∈ {1,2}〉.
With the same computation from Example 310 we conclude that A is of Ω ∞-infinite
representation type. It can be seen that the injective module I(3) has infinite projective
dimension, hence A is not a Gorenstein algebra. Finally by Theorem 52 we conclude that
φdim(A) = 1.
In [13] was proved that Ω n-finite representation type algebras has finite φ -dimension,
therefore if we want to find an example of an algebra with infinite φ -dimension, it must be
of Ω ∞-infinite representation type.
The following example shows an radical cube zero algebra with infinite φ -dimension. It
is a counterexample of the conjecture stated in [7], however its finitistic dimension is finite
(see [16]). Since φDC is not valid, then Theorem 213 in particular implies that the infinite
φ -dimensions are preserved by derived equivalences. The example also shows that the sub-
category Ω ∞(modA) can be trivial although the algebra A is of Ω ∞-infinite representation
type.
Example 54 Let A= kQ
I
be an algebra where Q is
1
α¯1
!!α1 ,,
β1
22
β¯1
== 2
α¯2

α2

β2

β¯2

4
α¯4
BB
α4
LL
β4
RR
β¯4
\\
3
α¯3
aa
α3
ll
β3
rr
β¯3
}}
and I = 〈αi+1αi− α¯i+1α¯i, βi+1βi− β¯i+1β¯i, αi+1α¯i, α¯i+1αi, βi+1β¯i, β¯i+1βi, J
3〉
12 Marcos Barrios, Gustavo Mata
It is clear that pd(Si) = ∞ for every i ∈ Z4. Let M
α1
n and M
β1
n , with n ∈ Z+, be the
indecomposable A-modules defined by
Mα1n = k
n
i2
$$i3
,,
i1
22
i4
;;k
3n+1
0

0

0

0

0
0
BB
0
LL
0
RR
0
\\
0
0
bb
0
ll
0
rr
0
||
Mβ1n = k
n
i4
$$i1
,,
i3
22
i2
;;k
3n+1
0

0

0

0

0
0
BB
0
LL
0
RR
0
\\
0
0
bb
0
ll
0
rr
0
||
where the linear transformations im : k
n → k3n+1, with m ∈ {1,2,3,4}, verifies:
– i1(e j) = f j ∀ j ∈ {1, . . .n}.
– i2(e j) = fn+ j ∀ j ∈ {1, . . .n}.
– i3(e j) = fn+ j+1 ∀ j ∈ {1, . . .n}.
– i4(e j) = f2n+ j+1 ∀ j ∈ {1, . . .n}.
where {e1 . . .en} and { f1, . . . , f3n+1} are the canonical bases of k
n and k3n+1 respec-
tively.
In an analogous way we define M
α2
n ,M
α3
n ,M
α4
n and M
β2
n ,M
β3
n ,M
β4
n . Then, the following
assertions are valid for i ∈ Z4.
– M
αi
n ≇M
βi
n if n≥ 2 and
– M
αi
1
∼=M
βi
1 .
On the other hand we compute the syzygies of the previous modules for n≥ 2 and i ∈Z4
and we obtain
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– Ω (Mαin ) =M
αi+1
n−1 ⊕S(i+2)
7n+2,
– Ω (M
βi
n ) =M
βi+1
n−1 ⊕S(i+2)
7n+2.
And for n= 1, we have Ω (Mαi1 ) = Ω (M
βi
1 ) = S(i+2)
10.
By the previous facts we have φ(Mαin ⊕M
βi
n ) = n− 1 for any n ≥ 2, then we conclude
that φdim(A) = ∞.
Remark 55 Let A be the algebra defined in Example 54, then every A-module M ∈Ω 1(modA)
verifies dim(Top(Ω (M)))≥ dim(Top(M))+1.
Consider an indecomposable A-module M ∈Ω 1(modA). We can suppose that dim(M)=
(α ,β ,0,0), where 1≤ β ≤ 4α −1. Then dim(Ω (M)) = (0,4α −β ,10α ,0).
If 4α −β ≥ α +1, we have dim(Top(Ω (M)))≥ dim(Top(M))+1. Now suppose that
4α − β ≤ α , then (S3)
6n is a direct summand of Ω (M) therefore dim(Top(Ω (M))) ≥
6dim(Top(M)).
As a consequence of the above computation we conclude that Ω ∞(modA) = P(A).
Therefore A is a CM-free Co-Gorenstein algebra.
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